We prove that (possibly charged) test fields satisfying the null energy condition at the event horizon cannot overspin/overcharge extremal KerrNewman or Kerr-Newman-anti de Sitter black holes, that is, the weak cosmic censorship conjecture cannot be violated in the test field approximation. The argument relies on black hole thermodynamics (without assuming cosmic censorship), and does not depend on the precise nature of the fields. We also discuss generalizations of this result to other extremal black holes.
Introduction
In the wake of the proofs of the singularity theorems in general relativity [1, 2, 3] , Penrose formulated the weak cosmic censorship conjecture [4, 5] , according to which, generically, the singularities resulting from gravitational collapse are hidden from the observers at infinity by a black hole event horizon. Penrose's expectation was that, independently of what might happen inside black holes, the evolution of the outside universe would proceed undisturbed.
To test this conjecture, Wald [6] devised a thought experiment to destroy extremal Kerr-Newman black holes, already on the verge of becoming naked singularities, by dropping charged and/or spinning test particles into the event horizon. Both him and subsequent authors [7, 8] found that if the parameters of the infalling particle (energy, angular momentum, charge and/or spin) were suited to overspin/overcharge the black hole then the particle would not go in, in agreement with the cosmic censorship conjecture. Similar conclusions were reached by analyzing scalar and electromagnetic test fields propagating in extremal Kerr-Newman black hole backgrounds [9, 10, 11, 12] . In this case, the fluxes of energy, angular momentum and charge across the event horizon were found to be always insufficient to overspin/overcharge the black hole. Some of these results have been extended to higher dimensions [13] and also to the case when there is a negative cosmological constant [14, 15] .
More recently, it was noticed that Wald's thought experiment may produce naked singularities when applied to nearly extremal black holes [16, 17, 18, 19] .
However, in this case the perturbation cannot be assumed to be infinitesimal, and so backreaction effects have to be taken into account; when this is done, the validity of the cosmic censorship conjecture appears to be restored [20, 21, 22, 23, 24] . It can also be argued that the third law of black hole thermodynamics [25] , for which there is some evidence [26, 27, 28] , forbids subextremal black holes from ever becoming extremal, and so, presumably, from being destroyed. Nonetheless, this cannot be taken as a definitive argument, since, for instance, extremal Reissner-Nordström black holes can be formed by collapsing charged thin shells [29] .
In this paper, we consider arbitrary (possibly charged) test fields propagating in extremal Kerr-Newman or Kerr-Newman-anti de Sitter (AdS) black hole backgrounds. Apart from ignoring their gravitational and electromagnetic backreaction, we make no further hypotheses on these fields: they could be any combination of scalar, vector or tensor fields, charged fluids, sigma models, elastic media, or other types of matter. This also includes test particles, since they can be seen as singular limits of continuous media [30, 31] . We give a general proof that if the test fields satisfy the null energy condition at the event horizon then they cannot overspin/overcharge the black hole. This is done by first establishing, in Section 2, a test field version of the second law of black hole thermodynamics for extremal Kerr-Newman or Kerr-Newman-AdS black holes (which does not assume cosmic censorship). We use this result in Section 3, together with the Smarr formula and the first law, to conclude the proof. This last step requires the black hole to be extremal, and cannot be extended to nearextremal black holes. In Section 4 we discuss generalizations of our result to other extremal black holes, including higher dimensions and alternative theories of gravity.
We follow the conventions of [32, 33] ; in particular, we use a system of units for which c = G = 1.
Second law for test fields
In this section we prove that a version of the second law of black hole thermodynamics holds in the case of (possibly charged) test fields propagating on a background Kerr-Newman or Kerr-Newman-AdS black hole (either subextremal or extremal). This calculation is similar to the one in [34] , but we do not assume cosmic censorship, i.e. we do not assume that the black hole is not destroyed by interacting with the test field.
We start by recalling the Kerr-Newman-AdS metric, given in Boyer-Lindquist coordinates by
where
(see for instance [35] ). Here m, a and q denote the mass, rotation and electric charge parameters, respectively. These parameters are related to the physical mass M , angular momentum J and electric charge Q by
The cosmological constant is Λ = − 3 l 2 , and so the Kerr-Newman metric can be obtained by taking the limit l → +∞. To avoid repeating ourselves, we will present all calculations below for the Kerr-Newman-AdS metric only; the corresponding formulae for the Kerr-Newman metric can be easily retrieved by making l → +∞.
The Kerr-Newman-AdS metric, together with the electromagnetic 4-potential
is a solution of the Einstein-Maxwell equations with cosmological constant Λ. It admits a two-dimensional group of isometries, generated by the Killing vector fields X = ∂ ∂t and Y = ∂ ∂ϕ . We consider arbitrary (possibly charged) test fields propagating in this background. Apart from ignoring their gravitational and electromagnetic backreaction, we make no further hypotheses on the fields: they could be any combination of scalar, vector or tensor fields, charged fluids, sigma models, elastic media, or other types of matter. Since the fields may be charged, their energy-momentum tensor T satisfies the generalized Lorentz law
where F = dA is the Faraday tensor of the background electromagnetic field and j is the charge current density 4-vector associated to the test fields. Using the symmetry of T and the Killing equation,
we have
On the other hand, using the charge conservation equation,
we obtain
Since A is invariant under time translations, we have
and so from (10) and (12) we obtain
This conservation law suggests that the total field energy on a given spacelike hypersurface S extending from the black hole event horizon H + to infinity ( Figure 1) should be
where N is the future-pointing unit normal to S. However, in the Kerr-NewmanAdS case the non-rotating observers at infinity are rotating with respect to the Killing vector field X with angular velocity
and so, as shown in [36] , the physical energy should be computed with respect to the non-rotating Killing vector field
that is, the physical energy is actually
This correction was implemented for test particles in [14] . The need for the corresponding correction in the calculation of the physical black hole mass has been stressed in [37, 38] . Note that in the Kerr-Newman case Ω ∞ = 0, and no correction is needed. Analogously, but now without ambiguity, the total field angular momentum on a spacelike hypersurface S extending from the event horizon to infinity is where the minus sign accounts for the timelike unit normal.
Consider now two such spacelike hypersurfaces, S 0 and S 1 , with S 1 to the future of S 0 (Figure 1) . We assume reflecting boundary conditions in the KerrNewman-AdS case, so that all fluxes vanish at infinity. The energy absorbed by the black hole across the subset H of H + between S 0 and S 1 is then
whereas the angular momentum absorbed by the black hole across H is
Recall that the angular velocity of the black hole horizon is
where r + is the largest root of ∆ r = 0. This means that the (future-pointing) Killing generator of H + is
is precisely the thermodynamic angular velocity, that is, the angular velocity that occurs in the first law for Kerr-Newman-AdS black holes [37] . Therefore, we have
Because Z is also a Killing vector field,
and so the divergence theorem, applied to the region bounded by S 0 , S 1 and H, yields
(we use −Z as the null normal 2 on H).
where Φ is the horizon's electric potential, we have
Using again the divergence theorem, this time together with the charge conservation equation (11), we obtain
Now the total charge on a spacelike hypersurface S extending from the event horizon to infinity is
where the minus sign accounts for the timelike unit normal. Therefore, denoting by ∆Q the electric charge absorbed by the black hole across H, we have
and so equation (27) can then be written as
Since Z is null on H, we have the following test field version of the second law of black hole thermodynamics. 
It should be stressed that (34) is valid for extremal black holes, and it does not assume cosmic censorship, i.e. it does not assume that the Kerr-NewmanAdS metric with physical mass M +∆M , angular momentum J +∆J and electric charge is Q + ∆Q represents a black hole rather than a naked singularity. Note that this scenario where the test fields interact with the geometry and change the values of the black hole charges is not in contradiction with the test field approximation, since the change is supposed to be infinitesimal.
Proof of the result
We can now prove our main result. Proof. The physical mass of a Kerr-Newman or Kerr-Newman-AdS black hole, given in (6), is completely determined by the black hole's event horizon area A, angular momentum J and electric charge Q through a Smarr formula
Theorem 3.1. Test fields satisfying the null energy condition at the event horizon and appropriate boundary conditions at infinity cannot destroy extremal Kerr-Newman or Kerr-Newman-AdS black holes. More precisely, if an extremal black hole is characterized by the physical quantities
From the first law of black hole thermodynamics, we know that this function satisfies
where κ is the surface gravity of the event horizon [25, 35, 37] . The condition for the black hole to be extremal is
which can be solved to yield the area of an extremal black hole as a function of its angular momentum and charge,
The mass of an extremal black hole with angular momentum J and electric charge Q is then
A Kerr-Newman-AdS metric characterized by M , J and Q will represent a black hole if M ≥ M ext (J, Q), and a naked singularity if M < M ext (J, Q). We have
where all quantities are evaluated at the extremal black hole. Consider now an extremal black hole with angular momentum J, electric charge Q and mass M = M ext (J, Q). After interacting with the test fields, its angular momentum is J + ∆J, its electric charge is Q + ∆Q and its mass is, using (34) and (40),
In other words, the final mass is above the mass of an extremal black hole with the same angular momentum and electric charge, meaning that the final metric does not represent a naked singularity, that is, the black hole has not been destroyed.
Discussion
In this paper we proved that extremal Kerr-Newman or Kerr-Newman-AdS black holes cannot be destroyed by interacting with (possibly charged) test fields satisfying the null energy condition at the event horizon and appropriate boundary conditions at infinity. This includes as particular cases all previous results of this kind obtained for scalar and electromagnetic test fields [9, 10, 11, 12] . The corresponding results for test particles [6, 7, 8] can also be considered particular cases, since particles can be seen as singular limits of continuous media [30, 31] . It is interesting to note that if the null energy condition is not satisfied then the weak cosmic censorship conjecture may indeed be violated, as shown in [39, 40] for Dirac fields. Our proof depends only on certain generic features of the Kerr-Newman or Kerr-Newman-AdS metric, and can therefore be adapted to other black holes. In fact, Theorem 3.1 can be generalized as follows. 
where Ω i are the thermodynamic angular velocities (that is, the angular velocities that occur in the first law).
2. There exists a Smarr formula relating the black hole's physical mass M , its entropy S, its angular momenta J i and its electric charge Q,
yielding the first law of black hole thermodynamics,
where T is the black hole temperature and Φ is the event horizon's electric potential. It is easy to check that this result applies to black holes in higher dimensions [41] , including the case of a negative 3 cosmological constant [37] . It can also be used for other black holes, like accelerated black holes with conical singularities [42] or black holes in alternative theories of gravity [43] . There is, however, no a priori reason why it should apply to arbitrary parametrized deformations of the Kerr metric [44] .
Extremal black holes (that is, black holes with

Appendix
To obtain equation (8), we observe that the charged test fields generate an extra electromagnetic field f satisfying the Maxwell equations df = 0 and
The total electromagnetic energy-momentum tensor is then
Besides the stationary part, due solely to F , one has to consider, in the test field approximation, the cross terms
We have
where we used (45), the Maxwell equation ∇ µ F µα = 0, the fact that
(because of the Maxwell equation dF = 0), and the fact that
(because of the Maxwell equation df = 0). Therefore, in the test field approximation, we have
which is equation (8) .
One may wonder why not use the conserved current
to define the energy of the test field as
The reason is that this expression accounts for the energy of the interaction between the charged field and the background electromagnetic field through the electromagnetic cross terms (47), whereas (18) localizes it on the charges. As is well known, the physical mass of a charged black hole includes the energy of its background electromagnetic field; when charge enters the black hole, the interaction energy should be transferred from the energy of the electromagnetic field to the black hole's mass. This accounting is accomplished by (18), but not 4 by (53). One might also worry that the presence of the extra energy-momentum tensor t with nonzero divergence (48) could invalidate our previous conclusions. That is not the case, however, because t does not contribute to the flux across the horizon. In fact, using (13) and the Killing equation (9), we have
since the vector field Z µ f α µ is tangent to the event horizon,
and A ν Z ν = Φ is constant along the event horizon.
